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VARIATIONAL GROUND STATES, MAGNETIC RESPONSES, AND DILUTION
BEHAVIOROF MIDEL VALENCE-FLUCTUATION SYSTEMS*

B. H. Erandow
Theoretical Division

Los Alemos Netional Laboratory
University of California

Los Alamos, NN 87545

Variational ground-state wavefunctlons are presented and optimized for two model
valence-fluctuation systesrs, One system exhibits an intuitively reasonable ground-
state magnetic susceptibility, while the other is found to have an insulating gap.
In viewof their different crystal structures, this gap should be realized in SmBG but
not in SmS, In agreement with ●xperiment. One of these model systems Is analyzed for
diluted cases, where only a fraction of the sites contain valence-fluctuation cations,
and connections are made with several Kondo theoretic results.

1. INTRODUCTION

A m~jor obstacle for the understanding of valence-
fluctuation (VF) materials has been the absence of
a suitable ●odal to Illustrate the essential nature
of the VF ground state. We have developed two
closely related models which should serve to fill
thfs role, l’g The basic program is to construct
variational ground states, and tv study how they
respond to appliad aragnotic fields. Our choices
of model Hamiltonians and trial wavefunctions are
fairly straightforward; the main new ingredient
here is a simple and accurate many-body technique
to calculate the required expectat~on walu~s.~
We are thus able to de~ristrate that these e~s~-
tions do in fact lead to intuitlvaly reasonable
results, consistent with the zero-temperature pro-
perties of many VF materia16,~ In addition, we
have now e~tended one of thtse models to diluted
systems, where only a fraction of the sites ●ra
occupied by VF cations, This ●stablishes 6everal
connections with the theory of Kondo systems, a6
di6cussad below.

Ournodels are based on the Anderson lattice
Iiam{ltonldn,

which ha6 been rJ60d previously by a ntier of in-
ve6tiUatorsao Here the conduction Bloch orbita16
have energie6c and total bandwidth, while the

blocalized Wannl rorbltals have site fnden j and
energy c . Tnus, orbital ds cnoracy and any in-

!trin6ic ~f bandwidth are neg ected,

We con6ider tw different Md016, a6 follow:
The {fl,fs) model ham two ●lectron6 per 61te,
and its Coulomb interaction tsrm f6

{f”,fi)) or f“(for [fi,fa]) can be simply ignored.
We also choose c. = O, thereby defining the origin
for the energy stale.

2. VARIATIONAL GROUND STATES

For the (fi,fa) model we assume a ground state
trial wavefunction of the form

M I vacum >. (3)
Note that each site Involves a coherent super-
position of fl and fa configurations (zero-point
fluctuation feature), and all 6ites are phy6fcal
●quivalent, These feature6 are consistent with
X-ray photoelectron and Md60bauer i60mer shift
6pectra, with the lattice-constant 6ystematlc6,
and with the absence of low-temperature la;tice
distortion, Eech site a160 displays a spfn-
Singlet character, consistent with the observed
low-temperature quenching of the local moments.
This occurs here because th~ ft and ft term6 at

Y

each site can hybridize-only if they have the MM
sptn symetry, and ft (actually Sn) is necessarily
a singlet, This wavofurrction fo fomally equiva-
lent to one considered previously by Stevens.d

Given the presant W and H, w find that the ~
possibility for interaction b@tween th~ various
sites j is via the ●xclusion principle, namely,
the fact that two o~tes cannot simultaneously make
USO Of the 6- ko 81OCFI Orbital. That 16, If
site j has Dade the (virtual) transition j+ + k?,
then the corresponding transition J’? + k? Is
blocked (momentarily forb~dden) for all of the
other 0it06 j’ t j. It follow that tho koorbi-
tal occupation ntier can bo evalwtod as a SM
of quasi-indopondont one-site contributions,

nb ● + (lakj12/9) [1 - nh(N - I)/N], (4)

where [j - n (N - 1)/N] represents the probabi-
lity thet ko%s not already occupied b ~; :lec-
tron from sw other site j’ # , and

1
J

single-site normalization denm nstor, (N= nm-
berof lattice sites,) For large N this si~lifiac



to

nti = (A@) (1 - nh) = A~/(~+ A~), (5)

where Ak = N-+ X~akiexp(ik. Rfl). Similarly, the

nomslization de~am~nator ba;omes

&=l+
2

lakj12(l - rib)=

=1+ N-l
%

A:~/(~

and the energy expactat{on value is
the simple form

<H> =~(ckA~+2VkAk)/@+

2 (6)
+ Ak) ,

found to have

A:). (7)

Although first–obtained by the above intuitive
argunentl, this result has been confirmed by dia-
grmsnetic analysis based on a fom ofmany-body5
perturbation theory for magnetic ions in solids .
This analysis shows that the errors in (7) are

only of ordar N‘1, as suggested already by (4).

Minimization of < H > leads to the quadratic
expression

A;@= 1+ (ck-~) Ak/Vk. (8)

Inserting thp resulting ‘s in (5), the conduc-
Ution band occupation numb rs are found to resemble

a finite-temperature Fsrmi distributional’d with
half-width “kBT” of order V, where V is a maan
value for the hybridization elamenta V . The mid-
point “cF” for this distribution is fohnd to

fall below the f-elactron level Cf by the amount

1~ 1, which varies as -ln(l - ~), where ~ is the
fractional fl character of the system. Throughout
the valance-fluctuation regime this shift is quite
small, of tha order of the resonance width r. This
shift becomes large, however, when cf lies above

tha middle of the conduction band, thereby keeping
“c “

t
below the middle of the conduction band

re ardless of the position of c . This featura
ensures that O < { < 1, which it an obv!ous physi-
cal requirmsnt,

Nlnerical rasll!ts are shown in Fig. l(a), based
on the parameters W ■ 2 eV, V u V E - 0,1 ev, and

hU =m, tooether w’th a consta t dm’wity of states
for tho conduction band, The parametera~a ro~re-
sents the @nergy difference bdween c
bottom of the conduction band, and 1~1 is the
above-mentioned sh{ft, cf-’’cF,” Although the cal-

culated para~ters are ●ll smooth functions of D-,
their qualitative behavltm differ in the fol-
lowin three regimes: (1) parturbatlve or weak-

?COUP1 ng rqime--cf below bottom of conduction

band, (2) valence-fluctuation regime--c batwen
bottom mdmiddleof band; (3) Konda r~ ime--cf
above middle of band. ?In the VF regime O < D_
cleV) { varies linearly with D-, as one wuld
●xDect. In the Kondo reoima (D- > laV) the quan-
tity (1-~) falls exponentially at a very rapid
rate, the ●-folding dittance being of order

4(”) A J#l ,2] Ii
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Figure 1: (a) [fl, fa) model: & on left-hand
scale, I e I and A on right-hand scala; (b)
[f”, fi) model: ~ and X/( IJ2W/Vg) on left-hand
scale, I c I on right-hand scale.

r . #/w- 10-2 ev, In contrast, when c is below
the conduction band (O < O) { falls off father
slowly; perturbation tfieory appliws here and shows
that~S2Vg/[1 D- I (W+ I D- 1)1.

Our trial wavefunction for the (f”,fll model is

~,, = ~p,(n:t +f%,,&)
(9). .

+ .i’ja+(n~+ ‘~ akj+k+
?q+ ) I vacuwn >,

where, in the absence of a magnetic field, a = 1

●nd akjt ❑ akj$’ The phases $j aro largely firbi-

trary, but must be distributed so as to satisfy
llexp(i$4) = O; othewise thero will be a net

t~ansver;e spin, ~ ~ (S; + S;)** O. We find that

B < M > /a(SE) > 0 for all S~ > 0, consistent with
tthe axpecte singlet characttir-of the ground state,

This feature now originates ●ntirely fromtht

Y
SI lat character of the non-interacting Femi sea,
Sti I using ~ to denoto the fi fraction, the main
d~ffarence in the ground stata results (for S4= O)
is si~ly that tha rolas of I and (1 - ) are

tinterchanged, This is illustrated in F Q, l(b),
basad on tho same parameter values,

3. HAONETIC RESPONSES

Applying a mag,!etic field to the (f”, fl]
model, we find m well-behaved susceptibility Xol,



#

This is plotted in Fig. l(b) in units 0fIJ2W/V*
(per site). is closely propor-
tional to E t~ug;% hh of the valence-fluc-
tuation regime;for D-z 2 IVI we find analyti-

cally that x ~ IJ2[(2/W) +t(Wv2)l.ThiSfS
reasonable b8~ause ~ represents the “fractional
magnetic character” of the f-electron configura-
tions. On the other hand, x ~ should increase
repidly as c, falls below t h8 bottom of the con-
duction band, since the system then approaches
that of a collection of frea f’ ions. Even then,
however, x must remain finite because the f’s
ara still ~akly coupled to the conduction band;
we find that asymptotically xol- lD-la.

A difficulty is encounterodwhenwa attempt to
apply this dpprOMh to the (fi,fa) model, because
there is no corresponding minor generalization of
v to describe the response to a magnetic field.
I#use the fom

which is suggested by a simple theoryi of the
quasipdrticle excitations; k’ and k“ represent
quasiparticle and quasihole momenta. The b here
IS fixed by elactron conservation, leavin9Ak~,

Ak+ ‘ and ekl as tha nontrivial parameters. Opti-

mizing tha Ati’ s as befora, we now find that

6 < H> /6(sin*e ) cannot vtnish for small a~plied
magnetic fialds, k’ Th]s imlies an insulating sap.
as-well as the vanishing of x atT=O, ihi
resulting gap is the m{nimum ~~lue attained by
lVk,/Ak, 1, which occurs here fork’ at the bottom
of the c&nductlon band. This insulating gap, A,
Is shown in Fig, l(a). This gap approaches ID-I
for c below the conduction band (D- c - 21VI),

1as on would expect. For D-2 21Vl, ~owever,
A=(1 - ~)V2/D-, and it ther~fore vanishes vwy
rapidly for 0- > #W, This, too, meets physical
expectations. Thasa reasonable limiting bahaviors
suggest that the choice (10) for V12 is adequate
here,

4,RELEVANCE FOR SmS ANO Sn#6

Tha present [fi,fa] mdwl should ba relevant for

‘is and ‘6’ bccausa (a) the fs (actually 0)

configuration mimics normgnetic #(4fa, J-O), and
(b) tha lowest branch of the 5d band mani fold is
nondeganerate for both of these cubic metorials,
On the other hand, of cours~, V cannot b. con=
stant throughout tht Brillouin ~ono, and tharo
must also be sam symatry points wtmro Vk vanithos.

Not{ng that SmS and Sm6 havo NaCl and CsC1-lfke
Bcrystal structurm, res .ctivoly, it has betn eho#

that V must vcnish at tho bottom of the 5dband
(Xpoiht) inSaS, in contrast to tha cast for MG,
We thorafore conclude that SmS (at high pressure)
and Sti6 should have metallic and insulating ground
states, reso~ctively, In agreement with th, quasi-
particla thaory of Ref. 6, (Tha insulation of SmS

at a-spheric pressure is also consistent with our
model, assming negative D- for this case.) Recent
dataon specific heatz, electrical conductivity,s
and Hall effecte now provide strong evidence for
an insulating gap of around 70K in W . This does
not i~ly a vonishing x at T = O, howe$er, because

2+ ior has a large Van Vleck susceptibility;the Sfs .
the available data9 show impurity tails which saem
to be obscuring a moderate dip below 401(. On the
other hand, the strong low-temperature increage
in resistivity maybe partiallydua to vary small
group velocities for the carriers near the Fermi
levell. It is therafore not surprising that hign-
pressura SmS (which has a very large low-T ~lec-
tronic specific heatl”) has a qualitatively simi-
lar but quantitatively ❑uch weaker low-T increase
in reslstivity,

5. DILUTEO SYSTEMS

The [fi,fa~ model has now been ●xtend~d to dtluted
systems, in tha following manner, Of the N cation

‘ites’ let-NVF be “magnetic” as in (l), th&re-

y;;;;:d:Na:M~: s;t~s beinQ ‘nert ‘ ‘avi ‘g in ‘i ‘d~ ~.xS and TmxY1-xS, we assume

that each inert site contributes one electron to
the conduction band, so that when N
a precisaly half-filled nondagenera !t ;a!d: !:tain
the course of analyzing (10) above, M found the
“added” ●lectron (k’t; did not hybridize at all
with the f’s - it remained @ffactively inert and
praferred to fully occupy tha lowest Bloch orbital.
This implies that the conduction electrons from
the inart sites will simply delete the lowest
4( N-N ) k-states f ras the “active space” for VF
corre~it ions, Exc@pt for this truncation of the
various k-sutiont, and SW,Q factors of N /N,
the preceding formalism ramains Intact, TH\ S
clean division of tl,e conduction band into inert
and active Bloch states it, of course, an artifact
dua to the simplicity of our trial wav@function,
In improved treatments, the fl configurations
should produca particla-hole excitations fram ~
of the occupied band stata~, as in the ground
ttate of tha Kondo modul, ll

The Kondo ragime is row particularly interesting,
In tho low-density limit (N /N + O) we find for
the intarmction anergy iona;~ due to V#O)

di>l/NvF r ~axp(-1/pJ), (11)

where p= W-land J B2Va/lel. This Is just

tl!’ expacted anwer, for the following reaaons,
III this limit ths “blockingc oafficiant” (I-nka)
Is essentially unity (no blocking) for all @f
the activ~ states, hmce V reduces (for NVF u 1)

to the simplest trial function of Yosidk, ll His

!J
uorreapundin result, howavar, has tha J of (11)
replaced by This discrepancy is mccountad
for by noting ~hat tm Schri~ffw-Wolff trans-
formation also loads, in the prgsent case, to
a snln-independent ●ffectiva interaction term
K r M, *araby tha total effective interaction
becomes ~ + K= J,



The previous Insulating gap survives even In the
low-density llmit (%F = 1), where It becomes equal
and opposite to (11), This gap ❑ust now be an un-
physical artifact of our W, however, since exact
susceptibility and specific haat rasultslg’la
demonstrate that the Kondo system has no such gap.
Evidently, the gap must disappear somewhere between
the VF regime of the concentrated (N = N) system
and the Kondo regime for dilute systy&s, It is
significant that studias of the (concentrated)
Kondo lattice modalt~ have found a gap appearing
for sufficiently large J/U; lndoed, the onset value
corresponds to the boundary region between the
present VF and Kondo ragimas. For tha present
typa of diluted systems, on the other hand,
intuition suggests that there should never be
an insulating gap,

A surprising outcome of this study is that the
interaction energy result (11) is essentially in-
dependent of the concentration N ~/N, withilithe
Kondo regime, This agrees with # recent analytic
solution of a one-dimensional metal with an arbi-
trary density of Kondo sites.is It should be
noted, however, that our W is too aimpla to produce
the expected intersite RKKY coupling,

In the VF regime, we find that <H> /NvF VarieS OnlY
logarithmicallywith the quantity IN /N)(l-~),
For fixed &, tharafore, an N F/N as ~gw as 3%
(a typical e~parimental lowe! 1lmit) should not
strongly alter the characteristic anergy, nor (pre-
sumably) the characteristic temperature. Thi~ is
consistent with the insensitivity to density that
has been obsarved in a nmber of diluted systems, ]b
On the other hand, the energy width of the VF
regime it only of order bi(NvF/N), hence for small
N /N it is 4 riori unllkely for c to fall within

-+tKfs regime un 8ss some add{tiontl ~chanism con-
spires to keap it there, Ut conclude that the
remarkable insensitivity of the @verage valence
to dilutlon, observed in several systems,ib must
ba due to the local lattice stiffness, acting
via the strong couplfng between average valence
and the effective ionic radius,

6. CONCLUSIONS

Several features of thesa rcsulta should be noted:
(1) Although our models display some deviations
from known or expected VF physics (absonco of a
Fenf surfa:o, ●bsance of RKKY coupling and/or a
metal-fnsulator transition for the concentrated
(fl, fal system in the Kondo re ins), theka defects

7are probably duc to the sfmpl{c ty of our trfal W’E.
Tha overall resulto prov~de strong support for the
vfad that the Anderson Iattlce Hamlltonian con-
tains the assrnce of the VF phenomena, (2) Within
the VF regime we finds stron~ interaction among
the VF s{tas, due to the axclusfon princfgle.
This is a d~structlva Intarf rent “whlch”oxplalI,s

+’why tho temperature dapen ncm o properties such

intaractlon is intrinsically a finite-density
(flnlte Nv/N) effect, thus it may wall escape

Inotice in tudies cf systems with only two VF
sites,
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